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1. Gravitational potential

Derive a Poisson equation (∆Φ = 4πGρ) for the gravitational potential Φ from the basic
equations of stellar structure,

dm
dr

= 4πr2ρ;
dP
dr

= −Gm
r2 ρ.

2. Adiabatic oscillations

In a dynamically stable layer (also called convectively stable), a fluid element is pushed
back after some displacement and starts to oscillate around the equilibrium.

a) Assume as equation of state ρ = ρ(P, T, µ) and write

d ln ρ = αd ln P− δd ln T + φd ln µ,

where

α =

(
∂ ln ρ

∂ ln P

)
P,µ

, δ = −
(

∂ ln ρ

∂ ln T

)
T,µ

, and φ =

(
∂ ln ρ

∂ ln µ

)
P,T

,

and µ is the dimensionless molecular weight (particle mass divided by 1 atomic mass
unit).

Use the scale height of pressure HP = − dr
d ln P and the gradients

∇ =

(
∂ ln T
∂ ln P

)
s

,∇e =

(
∂ ln T
∂ ln P

)
e

, and ∇µ =

(
∂ ln µ

∂ ln P

)
s

,

to rewrite the density difference of the displaced fluid element compared to the sur-
roundings.

Hint: The subscript e denotes changes in the element, whereas s denotes changes in
the surrounding. Assume the fluid element to be displaced by ∆r.

b) Assume the motion to be adiabatic. Compute the buoyancy force on the fluid ele-
ment to derive an equation of motion for the diplacement ∆r.

c) Assume harmonic motion and compute the associated frequency, which is called
Brunt-Väisälä frequency.

d) Use this frequency to derive a criterion for dynamical stability.
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3. Supermassive stars

For an ideal gas, the pressure is given by

Pgas =
R
µ

ρT,

whereR = 8.31× 107 erg K−1 g−1 denotes the ideal gas constant and µ the (dimension-
less) mean molecular weight, i.e. the average number of atomic mass units per particle.

a) Assume that radiation is present, resulting in an additional pressure term Prad. Show
that the equation of state is a polytrope with polytropic index n = 3 if the ratio

β ≡
Pgas

P
=

Pgas

Pgas + Prad

is assumed to be constant throughout the star.

b) Give the expression for the polytropic constant.

c) Use the expressions for mass and radius of polytropes given in the lecture,

M = −4π ρc α3 x2
0

dϑ

dx

∣∣∣∣
x0

and R = αx0,

to derive
1− β

µ4β4 = 3.0× 10−3
(

M
M�

)2

,

originally found by Eddington.

d) How does β change with the mass of the star? What are the consequences for very
massive stars?

e) Compute β for a star with 106M� consisting of pure hydrogen.

Hint: Use µ = 0.5, as the hydrogen is ionized and the mass of the electrons is negli-
gible.

Hint: Use the values

x0 = 6.89685 and − x2
0

dϑ

dx

∣∣∣∣
x0

= 2.01824

for a polytrope with n = 3.
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